System of viscous conservation laws:

ut + f(u):c — UUgxx

Profile:

uw (z,t) = ¢p(x & st)
ng' = h(¢) = (@) ©sp<q, d(+o0) = us

Integrated perturbation:

U(x <st,t) = /

T

. u(,t) ©o(§ &st) df

Integrated equation:

Ut + h($) Uz ©pUse = F(¢,Us)
where ' = ' «sI

Main task: Proof

T
DR + [ 1101132 dt < ClIUC, 0]

(~ stability).



Stability of profiles of general
small-amplitude Laxian shock waves
(via Weighted Energy Estimates)

1. Viscous Shock Profiles

Hyperbolic conservation law

ur+ f(u)e = puze = €IR, uelR" (1)
u(xoo,t) = u+

(i.e. f'(v) IR-diagonizable Vu).

Consider a traveling wave solution
uw (z,t) = ¢(x & st)
l.e., ¢ solves

ug' = h(¢) = f(¢) ©sp=q , ¢(Fo0) = ug ,

where u_, uy, s, g satisfy

flum) esu_ = f(ug) Ssuyp =q



Definition

u*(x,t) = ¢(x < st) asymptotically stable

= 3 (B[ 1lB), B> 0:Vug € B, [|lug|lp < B
Solution u of (1) with perturbed data

(S) u(-,0) = ¢+ ug exists forall t > 0 and has
lim sup |u(x,t) ©p(x <st)] =0
t—o0o

Theorem (Goodman, 1985)

e ) simple eigenvalue of f’

o “convex”: IR-r=ker(f'<Al)=r-VAX#0

e ¢ associated with A\: A(u—) > s > A(uy)

e small amplitude: |uy Su_| << 1

= (S) forall ug € L1(IR) with [*°_wug dz = O
and ||Uo|lyz < 8 Uo(x) = J* o uo(y)dy)

Goal:

Theorem 1
Same without “convex”



2. The Integrated Equation

Subtract the solution ©v*(z,t) = ¢(x < st) from a
solution u (with perturbed initial data ¢ + (Up)2):

(u=u)e+ (f(w) S f(u))e = p(u Su”)aa

Integrated perturbation:

U(x &st,t) = /x u(x,t) ©p(x <st) dx

— 0

Integrate and change to moving coordinates (z <
st,t)):

Uz + Ut + f(¢ + U:f) < f(¢) = pUze
U(x,0) = Upy(x) = / u(x,0) <¢(x) dx

— 0

Using Taylor expansion

f(o+Uz) = f(9) = fl(9)Ux &F (¢, Usr)

Integrated Equation
U + 1 (9) Uz & pUpe = F (¢, Uz) (2)

T

U(-,0) = Uy = / u(x,0) <¢(x) dx

— 0

where h = f < sid.



3. Example: Scalar case, convex flux

Apply a standard energy estimate to the integrated
equation
Ut + W ($) Uz ©pUzze = F(p, Uz)

Multiply by U and integrate [*°_ dz, [d dt:

WUCDIE2+ [ [~ et (@).0? da at

T > 2
+A |Uz||%2 dt < C||U(-, 0[5>

proceeding in a similar (but less restrictive) way with
U, and U,, we have

Proposition 1

If n = 1 (scalar equation) and (h'(¢))z < O then

T
WG TR0 [, U122 dt < CIUC,0)] 22

This a-priori estimate ensures the existence of U for
all times and gives a decay for U, such that Theo-
rem 1 holds.



4. Scalar case, non-convex flux
(Matsumura & Nishihara 1994).

Multiply by U - w, w = w(«) and integrate [°C_ dz:

10 [o© 2 o0 /
291 | WIU) dot [ Ul (8)Us + Uil

+uw(Uz)2 ©UwF(¢,Us) dz = 0
Find positive weight w such that:
1 /
5 (wh!(¢) + ,wwx)x >0
Ansatz w(x) = w(¢(x)):

@% (wh'($) + pwa)
= o (O () + pi (cp)cpx)
_ (:%((wh) () @i(wh)”(cb)cbx
Choose
() = @U’J“)h(u ) igng. > 0
to obtain

ol e

(wh'(¢) + pwz) = |4al



5. System case, nhon-convex mode

Diagonalize (Goodman 1985): Matrix function

L(z) = L(¢(z)), R(z) = R(¢(z))

such that LR = I and:

L(W()R =N =diag(M\1,..., \n)

where

Ap=A&s, A <0<A(i<p<iy)

Substitute U =: RV in (2), multiply by VI WL, in-
tegrate [0 dz ~

®@)
10
Ea(VTWV) + VIWAV, + VIWALR,V

— 0

+u(VIWL)(RV)y @VIWLF (¢, (RV)2) da
=0



Choose

W =diag(l,....1,w,1,...,1)

Group terms:
(A1) 22 (VTWV)
(A2) (wAp + pwa) Vp(Vp)a

(A3) T hp (S5 (Ap)e + U(ri)ari) (Vi)2

(A4) pw((Vp)a)? + 1 X paep((Vi)2)?

(B1) >j£p(whp 4 pwz ) lp(r5)2VpVj
(B2) Xistp,izej Aili(r;)2ViVj

(B3) uVIWL.RVy 4+ uVIWLR,V
(B4) uVIW LR,V

(B5) <VIWLF(¢p, (RV)a)



Remarks (on the diagonalization):
1. |La|, |Re| < O(1)|¢px| < O(1)|ug Su_].

2. If Iy, r;. are left and right eigenvectors of A’
(l;r; = 0;;), so are aiklk and ayry, i.e. there are
n degrees of freedom in our choice of L and R.

For £ # p, use «y to achieve positivity in the V.-
component:

1 ap)x
(A3) = (- O+ B0 )12
~ -~ - \ ak J

-|<C x| > 2C| ¢,

by choice of a;
(as A uniformly
away from 0)

Not so for £ = p (as \p crosses O along ¢).

For k = p, use w.



Lemma

€ = |u_ Sug| << 1then

Jw : IR — IR with ira}fw(a:), igf(l/w(w)) > 0 (~
L>-norm in (Al), (A4) and estimate for (B5)) and

1
<=>§(”w>\p + pwz)z
(~> positivity of (A2))

[wAp + pwe|

(~ estimate for (B1))

[(woz)z| = [(wh(d))z|

(~ estimate for (B3))

[pwes| = wh()|

(~ estimate for (B4))

Proof of Lemma

Analyze the differential equation

<

INA

INA

|z
4lug Su_|
4uy Su—|-|pz|

8luy su_|?

pwz + whp = / |p|dE , w(0) = wq
0

and choose the parameters zg, wg appropriately.

Proof of Theorem

Apply Lemma and estimate (B1) to (B5)



